Abstract. The goal of this article is to investigate nontrivial m-quasi-Einstein manifolds globally conformal to an n-dimensional Euclidean space. By considering such manifolds, whose conformal factors and potential functions are invariant under the action of an (n − 1)-dimensional translation group, we provide a complete classification when λ = 0 and m ≥ 1 or m = 2 − n.
Introduction
A distinguished problem in Riemannian geometry is to find canonical metrics on a given manifold. For example, it is common to look for Einstein metrics on a given smooth manifold. Einstein and Hilbert proved that the critical points of the total scalar curvature functional, restricted to the set of smooth Riemannian structures on a compact manifold M n of unitary volume, must be necessarily Einstein (see [7, Theorem 4.21] ), and this suggests that Einstein metrics are in fact special. They are not only interesting in themselves but are also related to many important topics of Riemannian geometry. In this scenario, it is very important to build new explicit examples of Einstein metrics. As discussed by Besse [7, pg. 265] , one promising way to construct Einstein metrics is by imposing symmetry, such as by considering warped products. It is known that the m-Bakry-Emery Ricci tensor, which appeared previously in [2, 7] and [18] , is useful as an attempt to better understand Einstein warped products. More precisely, the m-Bakry-Emery Ricci tensor is given by
where f is a smooth function on M n and ∇ 2 f stands for the Hessian of f. We remark that it is also used to study the weighted measure dµ = e −f dx, where dx is the Riemann-Lebesgue measure determined by the metric.
According to [9] , a complete Riemannian manifold (M n , g), n ≥ 2, will be called m-quasiEinstein manifold, or simply quasi-Einstein manifold, if there exists a smooth potential function f on M n satisfying the following fundamental equation
for some constants λ and m = 0. It is also important to recall that, on a quasi-Einstein manifold, there is an indispensable constant µ such that ∆f − |∇f | 2 = mλ − mµe For more details, we refer the reader to [14] . We say that a quasi-Einstein manifold is trivial if its potential function f is constant, otherwise, we say that it is nontrivial. Hence, the triviality implies that M n is an Einstein
manifold. An ∞-quasi-Einstein manifold is a gradient Ricci soliton. Ricci solitons model the formation of singularities in the Ricci flow and correspond to self-similar solutions, i.e., solutions which evolve along symmetries of the flow, see [8] and references therein for more details on this subject. We also remark that 1-quasi-Einstein manifolds are more commonly called static metrics and such metrics have connections to the prescribed scalar curvature problem, the positive mass theorem and general relativity. On the other hand, when m is a positive integer it corresponds to a warped product Einstein metric (see [7, 9] ). Indeed, a motivation to study quasi-Einstein metrics on a Riemannian manifold is its direct relation to the existence of Einstein warped products, which also have different properties compared with the gradient Ricci solitons; for more details see, for instance, Theorem 1 in [6] or Corollary 9.107 in [7, pg. 267] . Another important motivation comes from the study of diffusion operators by Bakry andÉmery [1] . In [5, 7] and [21] were built some examples of complete m-quasi-Einstein manifolds with λ < 0 and arbitrary µ, as well as quasi-Einstein manifolds with λ = 0 and µ > 0. Case [10] showed that complete m-quasi-Einstein manifolds with λ = 0 and µ ≤ 0 are trivial. While Qian [18] proved that complete m-quasi-Einstein manifolds with λ > 0 must be compact. Moreover, by Kim and Kim [14] nontrivial compact quasi-Einstein manifolds must have λ > 0. Thereby, it follows that a complete nontrivial quasi-Einstein manifold is compact if, and only if, λ > 0 (see also [13, Theorem 4.1] ). An example of nontrivial compact m-quasi-Einstein manifold with λ > 0, m > 1 and µ > 0 was obtained in [16] . Other complete examples were obtained by He, Petersen and Wylie [13] on the hyperbolic space. An alternative description of the known examples on hyperbolic space was given by Case [11] using tractors; see also [19, 20, 22] for further related results.
In this paper, we will consider nontrivial m-quasi Einstein manifolds (not necessarily complete) with λ ≤ 0, which are globally conformal to an n-dimensional Euclidean space, whose conformal factors and potential functions are invariant under the action of an (n − 1)-dimensional translation group. Solutions of geometric PDEs, which are invariant under the action of such a group, were obtained in [3] , where Barbosa, Pina and Tenenblat studied such solutions for gradient Ricci solitons conformal to an n-dimensional pseudo-Euclidean space. In particular, they classified all such gradient Ricci solitons in the steady case (i.e. λ = 0). Recently, similar kind of solutions were obtained for gradient Yamabe solitons in [15] ; for the Ricci curvature equation and the Einstein field equation in [17] and [4] . This approach may be used to obtain new explicit examples. Now we may state our main results. The first one provides a uniqueness result for noncompact, nontrivial m-quasi-Einstein manifolds, with λ = 0 and m + n − 2 = 0, that are conformal to a Euclidean space. More precisely, we have established the following result. where C 1 ∈ R and C 2 , C 3 , C 4 are positive real numbers. Moreover, the sign of ϕ is the sign of ξ + C 1 = 0 and the potential function f is given by
which is defined on R n \ Π, where Π is the hyperplane ξ + C 1 = 0.
In our next result, we characterize the noncompact m-quasi-Einstein manifolds with λ = 0 and m ≥ 1 that are conformal to a Euclidean space. To be precise, we have the following result.
and g ij = δ ij . Consider smooth functions ϕ(ξ) and u(ξ), where 
where C is a positive constant. Moreover, ϕ(ξ) is given implicitly as follows:
where
where C 1 = 0, C 2 = 0 and C 3 are constants. Additionally,
and b is a positive constant given by
We highlight that in both theorems above we have considered metricsḡ non-homothetic to the Euclidean metric g. Indeed, the homothetic case occurs for any m = 0, when λ = 0, the function u is linear on ξ and f is defined on a half space. More precisely, in the homothetic case we immediately have the following observation. The proofs of Theorems 1 and 2 will be presented in Section 3. We emphasize that the nontrivial quasi-Einstein metrics exhibited in this article are different from the previously known examples obtained by He-Petersen-Wylie [13] (see also [11] and [7] ). Furthermore, it is important to highlight that Theorem 2 provides all quasi-Einstein manifolds conformal to a Euclidean space, with λ = 0 and m ≥ 1, whose nonconstant conformal factors and potential functions are invariant under the action of an (n − 1)-dimensional translation group. In particular, by choosing C 1 = 0 in the first item of Theorem 2, we obtain the following explicit example.
, where the metricḡ is conformal to the Euclidean metric g given byḡ
where C > 0, C 2 = 0 and C 3 are real numbers. Under these conditions, the half space where At the same time, notice that C 1 = 0 in (1.7). Besides, it is not clear whether one can obtain simple solutions in case ii) of Theorem 2. By choosing n = 4 and m = 5 the integration of the left hand side provides hypergeometric functions.
Preliminaries
In this section, we review some basic facts and we prove a couple of propositions that will be useful in the proof of the main results. First of all, assuming that m < ∞, we may consider the function u = e Moreover, taking into account (1.2) and (1.3), it is not difficult to show that
where R is the scalar curvature of M n .
In the sequel we discuss two key results that will play a crucial role in the proofs of the main theorems. The first one provides the relation between the potential function of an m-quasi Einstein manifold conformal to the Euclidean space and its associated conformal factor. 
and for all i
This result was previously obtained by Case [12, Proposition 4.13] by using a different approach. For the sake of completeness we include here an alternative detailed proof. Proof. The first part of the proof will follow the trend of [3] . Indeed, taking into account that g = 1 ϕ 2 g, where g is the Euclidean metric, we have
For more details see, for instance, [7] . Hence, we may use (2.4) to rewrite the fundamental equation (2.2) with respect to g as follows
On the other hand, we recall that
where Γ k ij are the Christoffel symbols with respect to g. We also recall that, for i, j and k distintic, we have
Therefore, combining (2.6) and (2.7), with i = j, we deduce
Moreover, by considering i = j, we immediately have from (2.6) and (2.7) that
Next, it suffices to substitute (2.8) into (2.5) to obtain, for i = j, that
Similarly, substituting (2.9) into (2.5) we get
This concludes the proof of Proposition 1.
Our next result characterizes the quasi-Einstein manifolds conformal to the Euclidean space, whenever the conformal factor and the potential functions are invariant under the action of an (n − 1)-dimensional translation group. 
(2.10)
Proof. Let ϕ(ξ) and u(ξ) be functions depending on ξ, where ξ = n i=1 α i x i , α i ∈ R. We first observe that, without loss of generality, we may assume that 
Since g = 1 ϕ 2 g, where g is the Euclidean metric, the first equation of Proposition 1 yields, for i = j,
which can be rewritten succinctly as
In order to proceed we divide the proof in two cases.
a) If there exists a pair (i, j), i = j, such that α i α j = 0, then we obtain
Then, it follows from (2.11) and the second equation of Proposition 1 that
where we used the fact that k α 2 k = 1. In particular, using the relation between ϕ ′′ and u ′′ obtained in (2.12) we conclude that
Hence, (2.12) and (2.14) show that ϕ and u must satisfy (2.10).
b) On the other hand, if for all i = j we have α i α j = 0, then ξ is a multiple of one variable and without loss of generality, we may consider ξ = x n . In this case, we get
Therefore, the first equation of Proposition 1 is trivially satisfied. However, the second equation reduces to two equations obtained by taking i = n and i = n, respectively. Namely,
The second equation of (2.10) is exactly (2.15) while the first one is obtained by subtracting (2.15) from (2.16). Consequently, we conclude that in both cases, namely, a) and b), the functions ϕ and u must satisfy (2.10).
The converse of Proposition 2 is a straightforward computation. So, we omit the details, leaving them to the interested reader.
Proof of the Main Results
Before proving our main results, notice that when we consider a metricḡ on R n homothetic to the Euclidean metric, then for any m = 0, the nontrivial m-quasi Einstein metrics, whose potential function u depends on ξ, can only occur when λ = 0 and the function u is linear in ξ as it was already mentioned in Remark 1. This fact follows immediately from Proposition 2. In fact, if ϕ = 0 is constant, then for any m = 0, the first equation of (2.10) is equivalent to saying that u is linear in ξ and the second one is equivalent to λ = 0.
We now ready to prove Theorems 1 and 2, where we are assuming that ϕ is not constant.
Proof of Theorem 1.
Proof. To begin with, since
, and similarly,
, we can rewrite the equations of Proposition 2 as
Taking into account that m + n − 2 = 0 and n − 2 = 0, the first equation reduces to
Thereby, it is easy to verify that 1 (ln ϕ) ′ +(ln u) ′ ′ = 1 and hence, we deduce
Hence, we immediately obtain
where C 1 and C 0 > 0 are constants. In order to proceed, we substitute
into the second equation of (3.1). Since we are assuming that m + n − 2 = 0, we therefore have
We point out that G = 0 on an open set. In fact, otherwise (3.5) would imply that u is a multiple of ξ +C 1 and (3.2) would imply that ϕ is constant, which contradicts the hypothesis of Theorem 1.
Replacing u ′ /u in terms of G given by (3.3) into (3.4), we infer
Upon integrating this expression we get
where c ∈ R.
Next, since G is given in terms of u by (3.5), and u > 0, a new integration yields
where C 2 = ec and C 3 = e c /(n − 2). Of which we deduce
n−1 , with C 2 > 0 and C 3 > 0.
Now, we can obtain ϕ from the equation for u and (3.2), which gives
Moreover, taking into account that f = −m log u and m = −(n − 2), we immediately obtain
Conversely, a straightforward computation shows that ϕ and u satisfy (2.10), when λ = 0 and m + n − 2 = 0. This completes the proof of the theorem.
Proof of Theorem 2.
Proof. It follows from Proposition 2 that ϕ and u must satisfy (2.10). Since λ = 0, it follows from the second equation of (2.10) that
Moreover, we are assuming ϕ ′ = 0 and hence, multiplying this equation by ϕ/ϕ ′ we get
whose integration yields
where C is a positive constant, and it proves (1.5).
In order to proceed, we substitute this function u and its derivatives into the first equation of (2.10) to conclude that ϕ must satisfy the following differential equation
where P, Q and R are the following constants
Now, we introduce the function
In particular, we have
Therefore, (3.6) guarantees that w(ϕ) must satisfy the following differential equation
which can be rewritten as
Proceeding, we also introduce the function v as follows
Whence, (3.9) reduces to the Riccati equation
From now on, we divide the proof in the following cases:
Then we will deal with each case separately.
To begin with, notice that if m = 1, then R = 2, P = 2n − 1, Q = n(n − 1) and (3.11) reduces to dv dϕ
whose solution is given by
where C 0 is a constant. Moreover, since v(ϕ) was defined by (3.10), upon integrating we get
where C 2 is a positive constant and C 1 = C0 2(n−1) . Next, taking into account that w(ϕ) was defined by (3.8), upon integrating we obtain ϕ implicitly given by
where C 2 = C 2 = 0 and C 3 are constants, which proves (1.7) and this concludes the proof of the first item of Theorem 2.
Before proceeding, notice that if m = 1, then R = 2. In this situation, we first consider special solutions v(ϕ) for (3.11) of the form v(ϕ) = a ϕ , where a ∈ R.
For such a solution, (3.11) reduces to 1 − R 2 a 2 + P − 1 a − 2Q = 0. (3.12)
We now define b = (P − 1) 2 + 4Q(2 − R). From now on we assume that m > 1. In this case, we immediately obtain 3m + n − 4 > 0 and therefore, we have b > 0. Hence, by solving (3.12), we have two particular solutions for the Riccati equation Proceeding, consider the function
Taking into account that
it follows that Z(ϕ) = ϕ √ b . This implies that the general solution of (3.11) is given by 16) where C 1 ∈ R \ {0}, and a 1 , a 2 and b are the constants given by (3.15) and (3.13). Thereby, since v(ϕ) was defined by (3.10), integrating we obtain
In order to determine ϕ(ξ) and u(ξ), we use where, for simplicity, a = a 2 . Recall that (1.5) determines u in terms of ϕ. This concludes the proof of theorem for the second case. Conversely, by using (1.6) for m = 1 and (1.7) for m > 1, a straightforward computation shows that ϕ and u satisfy (2.10) for λ = 0. So, the proof is completed.
